INTRODUCTION
The asymptotic value of Galactic mass function (total mass) can be ascertained from studying radial motions of remote compact objects (radial velocity tracers) regarded as test bodies in the background of Galactic gravitational field.
1 A primary quantity for describing a collection of such objects is a phase space distribution function (PDF). It gives rise to various theoretical secondary quantities such as the radial velocity dispersion (RVD), the flattening of velocity ellipsoid β, the number density of tracers, mean velocities, etc, defined as appropriate integrals involving the PDF. When compared within the assumed mass model with the corresponding quantities from measurements, an estimate of total 1 Throughout this paper we assume the following parameters: R• = 8.5 ± 0.4 kpc for Sun's distance from the Galactic center, V• = 240 ± 16km/s for the local disk rotation speed based on three estimates (244 ± 13km/s from maser data and motion of SgrA * (Bovy et al. 2009 ), V• = 221 ± 18km/s from GD-1 stellar stream (Koposov et al. 2010 ) and 254 ± 16km/s another estimate from masers). We assume (U, V, W ) = (11.1 ± 1.7, 12.24 ± 2.5, 7.25 ± 0.9) km/s for the components of the velocity vector of the Sun with respect to the local standard of rest based on (Schönrich et al. 2010 ) who give and U = 11.1 Galaxy mass can be inferred (modulo additional conditions imposed on secondary quantities).
The accustomed approach to this inference and its results based on solving Jeans equation are known (Battaglia et al. 2005; Watkins et al. 2010 ) and need not be recapitulated. It should be stressed, however, that the issue of Galaxy mass is neither unique nor obvious. Spatial profiles of secondary quantities are difficult to measure and must be a priori assumed (along with the gravitating mass function), especially outside the Galactic interior. The Jeans problem is under-determined -the Jeans equation provides only a single condition on these quantities, insufficient for uniqueness. Put differently, there is arbitrariness in choosing solutions to Jeans equation. This makes the results model dependent, biased by inescapable degeneracies and ambiguity both in the interpretation of measurements and in the mass estimate.
Moreover, one cannot exclude that the mass predicted by various models may be overestimated. Total mass can be regarded as a functional on the space of solutions to Jeans equation. As said above, various quantities entering that equation must involve additional assumptions. These assumptions are in form of constraints, eg. constant β, power law for the number density, the gravitating mass function, etc. Effectively, those constraints impose some indirect restrictions on the PDF function. As a result characteristic of any functional with constraints, the lower bound for the total mass may be increased, so may any mass estimate.
Besides, there is no upper bound for the mass. This can be seen in the field of point mass source -the asymptotics of any mass distribution. The time average rv 2 r t = 
with vanishing mean velocities, constant
and ρ ∼ ρo (ro/r) 3+ε (ε > 0), we conclude that asymptotically, when r Φ ∼ −GM , the mass estimate is M ∼ µ G −1 r v 2 r with µ = 4+ε−2β > 4−2β > 2. Hence, almost flat r v 2 r expected in the point source could be explained by arbitrary large M since β and ε are not controlled by measurements at large radii. In this asymptotic consideration the free parameters ε and β represent the residual freedom in choosing solutions, reflecting important degeneracy of the Jeans problem. This asymptotics cannot be entirely fixed by measurements in the interior, without simultaneously assuming some analytic continuation of the solutions. This is clear -the motions are not entirely due to the leading term in the potential and determined by the value of mass, they are dependent also on the multipolar structure of the internal field and on the initial conditions (phase space), while the total mass concerns only the monopole part of that field (higher multipoles affect motion, despite being massless components of that field).
A natural question arises for the lower bound of Galaxy mass estimates. This question motivates our paper. To answer it, we deliberately do not include the spatially extended major Galaxy mass component (of which constituents are rather bizarre) and assumed by all other analyzes so far. Instead, we assume that Galaxy satellites move as test bodies around a compact mass distribution concentrated mainly within a characteristic size comparable to that of the maximal disk (such a hypothesis should be tested in accordance with Occam's razor rule). Then the contribution from higher multipoles of the potential would be small compared to the monopole part at radii sufficiently large, making the approximation of point mass applicable in the external regions, and at the same time giving rise to a reliable mass estimate stable against considering a more realistic continuous mass profile. In order not to increase the lower bound unnecessarily, we attempt to work with general solutions -a task quite challenging for complicated potentials, but relatively easily tackled with in the point mass approximation.
The idea of studying motions of galactic satellites in a point mass approximation should not astonish, as it is not new. It was considered already over 30 years ago by Bahcall & Tremaine (1981) and applied to several external galaxies. The authors proposed some estimators for galactic mass, based on an average of v 2 z R/G (cylindrical coordinates) for external halo objects, times a constant factor. The factor was dependent on the assumptions about the form of the PDF and a mean square of the eccentricity. A recent paper (Watkins et al. 2010 ) offers in essence the same method, the difference lying mainly in an arbitrary power of the radial distance in the mass estimator. Note, that using estimators of this kind is tantamount to considering a very particular family of PDF's. Interestingly, playing with various assumptions, among tenths of other masses, the authors found that the Galaxy mass could be as low as 4 × 10 11 M⊙ (but also as high as 2.7 × 10 12 M⊙). A recent estimate of 4.2 × 10 11 M⊙ within 50 kpc or even 3.5 ÷ 5 × 10 11 M⊙ within 150 kpc for a Keplerian halo model ) based on the same estimator, substantiate a small mass possibility.
When Galaxy mass is expected smaller, some of tracers cannot be gravitationally bound, and therefore should not be included in preparing secondary quantities such as the RVD. Here we give a criterion for hypothesizing which satellites might be gravitationally unbound. The simple calculation above leads to a mass estimator: Mr = instead, but it can also be arrived at without this reservation, by applying Eq.23 (Watkins et al. 2010 ) with suitable parameters. As can be seen in Fig.1 , the mass estimate 11 are apparently not gravitationally bound to Galaxy and ought to be excluded in preparing the RVD profile. But with the limiting value µ = 2 for β = 1, M might be as low as 2.1 ÷ 2.6 × 10 11 (see, the straight lines in Fig.1 ), when one could safely reject satellites with 1 2G rv 2 r > 3×10 11 M⊙. We will further assume these two options. This exclusion will effectively concern two tracers decisive for the shape of RVD profile. But total mass should not be decided based on two tracers when hundredths of others point to a lower total mass. It is safer to assume the two are indeed gravitationally unbound.
With more complicated solutions to Jeans problem, the mass estimate can be reduced more effectively, without the need of assuming implausible values like β = 1. Our approach presented later in the point mass field, enables this. It is essentially different from customary approaches, in par-ticular, it does not involve simple estimates as presented in (Watkins et al. 2010; or above. We devise quite a flexible scheme with the arbitrariness reduced to a minimum, where expectation values for secondary quantities, being general functions of the radial variable, are obtained directly from a PDF. To this end we apply a minimization scheme that allows to obtain PDF's consistent with a given RVD profile and, as it shows up, giving rise to comparable secondary quantities. This task requires a good deal of numerical work. To make the point approximation legitimate, we appropriately cut the support of the PDF so that the elliptic orbits do not intersect some internal sphere encompassing Galactic disk. Under spherical symmetry, we allow for a general PDF of two variables describing a collection of such orbits. In particular, outer orbits can on average be more elongated than inner ones, which helps to reduce the mass.
Surprising as it may seem in the dark matter paradigm, the small value of the lower bound is not inconsistent with measurements in the Galaxy interior. As suggested in (Bissantz & Gerhard 2002) , dark matter is insignificant out to 5 kpc. Later, based on microlensing data in a simple disk-like Galaxy model (Sikora et al. 2012) it was shown that the dynamical mass implied by the rotation of Galactic interior is compatible with the mass in compact objects ascertained through microlensing measurements inside Solar radius. But there is also a recent controversy of wether the mass of Galaxy interior could be that low. Depending on model assumptions, the same data on local motions of a class of tracers lead to estimates of nonbaryonic dark matter in the Solar neighborhood differing by a large factor (Moni Bidin et al. 2012 ) and the critique in (Bovy & Tremaine 2012 ).
The paper is organized as follows. In the next section we obtain a solution to Jeans problem in a point mass field for a general spherically symmetric collection of confocal orbits of test bodies moving in the space limited by two concentric spherical shells centered at the origin. Next, we discuses briefly a minimizing scheme for finding a PDF in the framework of Keplerian ensemble, we determine the radial velocity dispersion for Galaxy satellites, and finally we apply our method to estimate the lower bound for Galaxy mass and present an example solution with mass 2.4 × 10 11 M⊙. Then conclusions follow.
KEPLERIAN ENSEMBLE METHOD
The motion of a test body in a spherically symmetric potential Φ(r) takes place in a plane through the origin determined by two integrals of motion fixing the unit normal to the plane. The additional two integrals are the energy E and the magnitude of angular momentum J (both per unit mass). In terms of angular velocity ω, ω 2 =θ 2 +φ 2 sin 2 θ, G 2 M 2 < 1. Elliptical motion can be thus uniquely determined by specifying five numbers: three Euler angles describing orientation of the orbit in space and a pair of numbers (e, ǫ) defined by e 2 = 1 + 2EJ 2 G 2 M 2 , 0 e < 1, and ǫ = − RE GM > 0. Here, R is an arbitrary unit of length, e is the eccentricity and ǫ is a measure of energy determining the length of the large semiaxis, which is R 2ǫ
. The turning points are R 2ǫ
(1 ± e). The dimensionless parameters (e, ǫ) play the central role in further considerations.
To find various expectation values for a spherically symmetric collection of confocal ellipses (called Keplerian ensemble), it suffices to know a PDF describing the number of ellipses with various e and ǫ. It will be related to the distribution function f ( r, v) in the µ-phase space. We assume that f can be expressed through first integrals e and ǫ. Then, f is stationary and satisfies the necessary condition ∂tf + ∂ q i f + ∂qi f ∂ i Φ = 0 for a collisionless system. This is the wording of the Jeans theorem in our situation.
Cutoff phase space and expectation values
The integrals of motion e and ǫ can be regarded as new independent phase variables. By making a transformation from ordinary spherical coordinates r, θ, φ, vr, v θ , v φ to new coordinates u, θ, φ, ǫ, e, ψ of the form r → R u,
(sin ψ, cos ψ), the original volume element r 2 dr sin θ dθ dφ dv 2 r 2vr dv θ dv φ is transformed (up to a constant factor) to J (e, ǫ, u) du sin θ dθ dφ dψ dǫ e de, with J (e, ǫ, u) = ǫ ǫ − 1−e 2u 1+e 2u − ǫ −1/2 . For we assume spherical symmetry, the angles φ, θ and ψ can be integrated out. The remaining part of the integration domain is determined by the support of the function J . Furthermore, in finding expectation values as functions of r, the integration must taken over all ellipses intersecting a spherical thin shell of some fixed radius r centered at the origin. Given 0 < r < ∞ and 0 e < 1, we have
for such orbits. Hence, we arrive at the distribution in-
3 rd 3 v to within a constant factor. Next, for the physical reasons, we assume all orbits of the ensemble be contained entirely within a spherical annulus R ua < r < R u b , that is, in between two boundary spheres of radii ra = Rua and r b = Ru b (as a byproduct, the normalized cumulative number of objects will be automatically integrable). This spatial boundary imposes additional restrictions on the integration domain in the phase space, changing considerably the support of f (ǫ, e). Then, ua < 1−e 2ǫ and 1+e 2ǫ < u b . Hence,
and thus also 0 e < u b −ua u b +ua < 1. As a result, the integration domain gets shrunk to a quadrilateral abcB, as shown in figure 2 . However, the integration requires splitting the u-dependent domain into three parts. To overcome this difficulty we introduce a mapping (α, β) → (e(α, β), ǫu(α, β)) from a rectilinear region with cartesian coordinates (α, β) to a u-dependent region abcB. This leads to the following coordinate change Figure 2 . Each point on the (e, ǫ) plane represents an elliptic orbit with eccentricity e and energy −ǫ. The ABC triangle with vertices A (0,
is a locus of all confocal ellipses lying entirely in between two bounding spheres of fixed radii ua and u b and centered at the focal point. The two families of mutually crossing lines ǫ = , c
and B which is the locus of all orbits (e, ǫ) crossing at least once a sphere of a given radius ua < u < u b .
in the reduced phase space (ǫ, e, u) in the above distribution integral:
The interpretation and the origin of this coordinate change is depicted in figure 2 . We get finally,
, where
Now, given an f (e, ǫ), all expectation values can be in principle determined. In calculating them the following expressions will be useful
For the purpose of further applications, important are the averages over concentric thin spherical shells. The mean value of a function g defined on a spherical shell of radius r and, consequently, the average over all spherical shells can be calculated from
respectively. The expression for g r is quite analogous to a conditional probability 'A provided that B' for events A and B.
An orthogonal decomposition of the phase space function
The problem of finding a PDF on a triangular domain can be reduced to finding a series expansion of an auxiliary function h(e, ǫ) in a basis of binomials orthonormal on a simplex (we assume that f ≡ h 2 , then f is nonnegative). To this end we apply the Gram-Schmidt method with scalar product g(u, v) = 2 1 0 dξ 1−ξ 0 dη u(ξ, η)v(ξ, η) on the simplex 0 < ξ < 1, 0 < η < 1, ξ + η < 1. First, we define two families of binomials of degree not greater than some d > 0, namely,
By symmetry, any A is orthogonal to any S. Then, we sort binomials S so as to form a sequence with nondecreasing degree and take their union, obtaining a reduced sequence S ′ . We transform it to another sequence by the consecutive projections s
We repeat the same procedure for nonzero binomials A, obtaining a sequence a m ′ . Finally, we join sequences sm and a m ′ and sort into increasing degree. Finally, we make a coordinate change ξ = 
Finding the phase space function and secondary quantities
The theoretical RVD can be compared with the quantity rv 2 r determined based on measurements for a sufficiently large sample of points ri. Given d and mass M , such comparison enables to find optimal coefficients in the expansion
, thus also a model of f (e, ǫ), by minimizing the following mismatch function
1 (it suffices that N be several times greater than
, σ = substituted in P's for e and ǫ, respectively. The integrals µu [P k P l ] and µu [σP k P l ] defining functions of a single argument u lead to integrals of the general form
with integer p, q, r, s.
These integrals are functions of u. Their analytical forms can be found recursively for any set of integers p, q, r, s (we have not found a useful general formula). Since δM is homogenous of degree 1 in variables h k , it depends only on points on a D d −1-dimensional unit sphere. In finding δM one starts from a point on that sphere chosen randomly (with the help of appropriate generator uniform on that sphere) and then the minimization procedure is ran. There may be many such minima or the minimum may be degenerated. Having found h k 's with this method, secondary quantities other thanσ(u) can be computed, using definitions like Eq. 1. They lead to expressionsē(u),β(u) etc., with the same general structure as that ofσ(u).
A radial velocity dispersion profile for Galaxy tracers
Preparing the rv ). To eliminate decrease in RVD at smaller radii due to circular orbits we excluded tracers in the disk vicinity: 11 , greater than current Galaxy mass estimates, and LeoT too distant (r > 400 kpc) to be included in RVD profile.
As justified earlier in Sec.1, we consider two RVD profiles based on tracers with 1 2G rv 2 r < 5×10 11 M⊙ (1 tracer excluded) and with 1 2G rv 2 r < 3 × 10 11 M⊙ (5 tracers excluded), shown in detail in Fig.3 and also in Fig.4 in the background of all tracers in the sample.
4 It can be seen that RVD profiles are largely dependent on two tracers with highest 1 2G rv 2 r , B and X, while the inclusion/exclusion of other three A, C, D is not so decisive. Tracer X certainly cannot be bound to Galaxy due to recent low mass estimates referenced earlier and therefore should not be included. This consideration substantiates our choice of the two RVD profiles as the basis of further analysis.
We prepared RVD profiles as curves which we regard 4 RVD curves in Fig.3 were obtained as follows: for any r i a subset of all n i tracers is taken inside a spherical shell |r − r i | < w/2 of fixed width w. When necessary, w is increased so that n i is never lower than some fixed n, effectively broadening the window at large radii where the statistics is poor due to small number of tracers. Then m random subsets of size 2 3 n i is chosen and to each of them a quadruple of numbers is assigned: two mean values r and G −1 rv 2 r , and two numbers r min and rmax -the smallest and the largest r in each subset. This is repeated for all r i 's at various n's. Then an ordered list consisting of all the quadruples is formed, sorted with respect to increasing r ′ s. Finally, a moving average is calculated over quadruples with r 's falling in some window of width W , when the window moves through entire range of r's. In effect a curve is obtained on the plane (r, G −1 rv 2 r ). We assumed w = 9 kpc, m = 89, W = 6 kpc and n from 15 to 22. For each r the horizontal 'error bar' is a segment r min < r < rmax , while the vertical 'error bar' is a standard deviation of G −1 rv 2 r times √ 3, representing a Monte Carlo-like estimate of the uncertainty in G −1 rv 2 r due to various subsets of tracers taken in obtaining rv 2 r . as some representatives of smooth model curves consistent with measurements to within some uncertainty limits. With the aid of the method of Sec.2.3, a PDF can be found giving rise to a theoretical RVD curve consistent with the representative curve to within the same limits. When this is possible with some mass M , we say that M , as an estimate for Galaxy mass, accounts for the radial motions of Galaxy tracers.
The results
As seen in Fig.5 , for a given d the goodness of the best fit to RVD does not change for a wide range of masses. There is no clear upper bound for M , which was already discussed in Sec.1. Example fits to RVD with various M were compared in Fig.6 . One cannot tell any difference between them in that wide mass region, whereas for M small enough, much below 2 × 10 11 M⊙, it is not possible to obtain a satisfactory fit. Lower panels in Fig.6 show the corresponding secondary quantities. As expected, they can change significantly when RVD fits are not changed. This illustrates our earlier theoretical expectation that M cannot be decided based on the measurements of radial motions alone. Also, due to the flattening of δM curves in Fig.5 , the optimum mass chosen as that corresponding to the lowest δM fit would have unacceptably large uncertainty (as well as the secondary quantities which are largely M -dependent). The criterion of mass must be different. Nonetheless, one can estimate a lower bound for M .
As seen in Fig.5 , by increasing d, δM is reduced by some amount for large M , and for d → ∞, δM would tend to some limit possibly nonzero (then the particular shape of the RVD curve could not be reconstructed in the model exactly). For small M , δM is reduced more than before, attaining the same limit for d → ∞. The diagram suggests that there is a sharp lower bound for M for which the following limiting behavior persists: for a given δ, d can be increased so that M is reduced significantly to a value M −∆M with the same goodness criterion δM = δM−∆M = δ fulfilled. For example, a model with d = 6 and a large mass M = 10 × 10 11 M⊙ passes the same χ-test as another model with d = 8 and more than 4 times less mass M = 2.4 × 10 11 M⊙. While the former mass value would be acceptable in view of other results, the latter would seem astonishingly small. Similar observations could be made for any higher d. In accord with Fig.5 , in the limit of large d one should expect the lower bound tend to a value smaller than 2 × 10 11 M⊙. We have seen that M cannot be decided with the help of the best fit criterion. Instead, one can assume some M and see if the resulting secondary quantities are plausible. As an example, we performed a large number of minimizations for M = 2.4 × 10 11 M⊙, starting from various initial points chosen randomly on the D d − 1-dimensional unit sphere of expansion coefficients h k 's. Normally, one would expect convergence to a unique minimum (or several isolated minima), irrespectively of the starting point. Instead, we found a submanifold of minima on that sphere giving rise to almost the same best-fit-curve through the measured RVD, see Fig.7 . This degeneracy was to be expected based on the indeterminacy of Jeans problem discussed in the introduction. Choosing various sets of h k 's is tantamount to considering various solutions of Jeans equation with the same mass model. Hence, while the best-fit-curve is not changed when h k 's are varied inside that manifold, the corresponding secondary quantities may change. This is indeed the case, which can be seen in Fig.8 , where most important secondary quantities corresponding to the best-fit-curves of Fig.7 are shown. Interestingly, this change is not dramatic -the spread of secondary quantities about their mean values is quite moderate.
SUMMARY AND CONCLUDING REMARKS
A simple consideration of Sec.1 led us to the question for the lower limit of Galaxy mass consistent with the observed radial motions of external tracers. That question motivated the main part of this work. To answer it we conjectured that most of gravitating mass in the Galaxy is distributed such that the tracers outside 20 − 25 kpc can be regarded as test bodies in nearly point mass field. We then found with the help of Keplerian ensemble method developed in this paper that Galaxy mass as small as 2.4 × 10 11 M⊙ could be still consistent with the radial velocity dispersion profile (RVD) of those tracers. We presented our prediction for several secondary quantities like the flattening of the velocity ellipsoid that could be tested when more accurate data are available at large radii.
Furthermore, both on theoretical grounds an by interpreting our numerical results we came to the conclusion that there is no natural upper limit for the mass estimate -with the same RVD profile the Galaxy mass could equally well be as large as 10 12 M⊙ or even larger. It follows that Jeans problem as a means to deduce total gravitating mass is highly under-determinate (the known mass-anisotropy degeneracy is only a particular example). As a consequence, the mass is highly model-dependent, not entirely determined by mea- surements of radial motions. Based on this observation one should expect even higher degree of arbitrariness to occur in more general situations of spatially extended mass distributions required in models with dominating non-baryonic dark halo. The indeterminacy shown in the point mass has also epistemological import since the total mass, being a quantity asymptotic by its nature, should be in principle determinable from motions of external tracers, whereas the only measurements currently available at large radii (radial motions) cannot be conclusive.
In this context it should be remembered that the observation of closer tracers is less important for the total mass determination. Rather, they carry the information about the internal distribution of mass or the asymptotic multipolar structure of the gravitational field. In the internal region one can rightly expect some corrections to the secondary quantities inferred in the point mass approximation. However, more realistic mass profiles cannot change the total mass estimate. For better determination of the total mass it is far more important to have a significantly larger sample of external velocity tracers and hopefully measurements of transversal motion. Considering various mass models (with their load of arbitrariness) instead of focusing on indispensable measurements adds to the problem of mass rather than reduce it.
To verify whether the total mass is indeed that low as suggested above requires further studies. As for now, with certainty one can state only the main conclusion of this paper, that in the framework of newtonian mechanics in the point mass approximation one can find distribution functions in the phase space that account for radial motions of Galaxy satellites, with much lower mass than thought so far. To see the extent to which this reduction could be general it is necessary in the future to consider more complicated potentials than the point mass that could be analyzed in a similar manner, assuming most general phase space, as this would provide better estimates for Galaxy mass (as we noted, by imposing some constraints on the form of solutions to Jeans equation one can increase the mass estimate). We expect that a similar reduction in the Galaxy mass estimate to that presented here for the point mass should be possible also for models assuming extended non-baryonic dark halo.
As concerns the model of phase space developed here, the work for the future is to use base functions on the standardized simplex of the form √ w Q with Q being binomials in ξ and η and w = ξη (1 − ξ − η) being the weight in the scalar product. This would assure that the phase function by construction vanishes smoothly on the boundary of the integration domain in the µu integral, reducing the number of spurious circular orbits at outermost radii. It is also desirable to find best parameters ua and u b crucial for defining the phase space. Both these tasks are computationally more demanding, but they would improve the results. In addition, to gain a better control over secondary quantities in the minimization procedure, one can try to impose some constraints on these quantities, provided appropriate measurements are available.
